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By abstracting a connection between gauge symmetry and gauge 
identity on a noncommutative space, we analyse star (deformed) 
gauge transformations with usual Leibniz rule as well as unde- 
formed gauge transformations with a twisted Leibniz rule. Ex- 
Q^] plicit structures of the gauge generators in either case are com- 

puted. It is shown that, in the former case, the relation mapping 
the generator with the gauge identity is a star deformation of the 
commutative space result. In the latter case, on the other hand, 
this relation gets twisted to yield the desired map. 



1 Introduction 

Recent analysis [U [21 El IH E] of gauge transformations in noncommutative 
theories reveals that, in extending gauge symmetries to the noncommutative 
space-time, there are two distinct possibilities. Gauge transformations are 
either deformed such that the standard comultiplication (Leibniz) rule holds 
or one retains the unmodified gauge transformations as in the commutative 
case at the expense of altering the Leibniz rule. In the latter case the new 
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rule to compute the gauge variation of the star products of fields results from 
a twisted Hopf algebra of the universal enveloping algebra of the Lie algebra 
of the gauge group extended by translations. 

While both these approaches preserve gauge invariance of the action, 
there is an important distinction. In the case of deforming gauge transfor- 
mations into star gauge transformations, gauge symmetries act only on the 
fields in a similar way as in theories on commutative space time. Star gauge 
symmetry can thus be interpreted as a physical symmetry in the usual sense. 
On the contrary if ordinary gauge transformations are retained and a twisted 
Leibniz rule is implemented, then the transformations do not act only on the 
fields. Consequently it is not a physical symmetry in the conventional sense 
and its connection with the previous case also remains obscure [5]. 

In this paper we analyse both these approaches within a common frame- 
work which also illuminates a correspondence with the treatment of gauge 
symmetry in commutative space time. To do this we remind that there is 
a general method of discussing gauge symmetries, either in the Lagrangian 
or Hamiltonian formulations, for theories on commutative space-time. We 
shall here concentrate on the Lagrangian version[7|. It is known that, corre- 
sponding to each gauge symmetry, there is a gauge identity that is expressed 
in terms of the Euler derivatives. Moreover, this identity also involves the 
generator of infinitesimal gauge transformations in a very specific manner. 

We extend this analysis to noncommutative gauge theories. A relation 
between the gauge generator and the gauge identity is derived. It is found 
to be a star deformation of the relation found in the usual commutative pic- 
ture. From this relation and a knowledge of the gauge identity (obtained 
by a simple inspection) the explicit form of the gauge generator is derived. 
Then the other viewpoint of keeping the gauge transformation undeformed 
at the price of a twisted Leibniz rule is considered. The generator of the 
undeformed gauge transformation is derived. Its structure is shown to be 
similar to the commutative space expression. Furthermore, we find that the 
relation connecting the gauge generator with the gauge identity (which is 
form invariant irrespective of whether star or twisted gauge transformations 
are being considered) is neither the undeformed result nor its star deforma- 
tion, as obtained in the previous treatment. Rather, it is a twisted form of 
the conventional (undeformed) result. 

The paper is organised as follows. In section 2 we briefly review the 
situation where both interpretations of noncommutative gauge symmetry 
lead to identical conservation laws. Sections 3 and 4 give a detailed account 
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of the computations for deformed gauge symmetry with standard Leibniz 
rule and undeformed gauge symmetry with twisted Leibniz rule, respectively. 
Explicit expressions for the generators and their connection with the gauge 
identity is analysed. Section 5 is a summary. 

2 Gauge Transformations and Conservation 
Law 

Consider a theory on noncommutative space time whose dynamics is gov- 
erned by the actiorQ, 

S= j d 4 x [~Tr(F^(x) * F^{x)) + $(x) * {i-fD^ * -m)i>{x)\ (1) 

where 

* ip(x) = d^(x) + igA^x) * ip(x) (2) 

Fp,(x) = d^A^x) - d v A^(x) + ig[A^(x), A v (x% (3) 

Here the star commutator is given by 

[A^x), A u (x)}* = A„(x) * A v {x) - A v (x) * A„(x) (4) 

while the star product is defined as usual 

(/ * g) (x) = exp (V^) f(x)g(y) \ x=y (5) 

where 6^ v is a constant two index antisymmetric object. 

The above action describes the noncommutative version of a non-Abelian 
theory which includes both the gauge and a matter (fermionic) sector with a 
proper interaction term. This action is invariant under both deformed gauge 
t r ansf ormat ions , 

6*An = Vf, * 7] = d^r) + ig{A^ *r)-r)*A IJ ), 
5*F^ = ig [F^, rj\* = ig(F^ u *r)-r}* F^) 

= —igrj * ip 
<5* , = igijj * rj 

1 From the beginning we are considering a non-Abelian theory. 
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with the usual Leibniz rule, 

W*g) = (5 m f)*g + f*(6 m g) (7) 
as well as the undeformed gauge transformations 



= V^r] = d^rj + ig(A ll r} - rjA^), 
S^F^ = ig[F^ V} r)\ = igiF^rj - rjF^) 
S^ip = -ig-qij) 
S v il) = igiprj 



(8) 



with the twisted Leibniz rule[H [2j [3], 



2 ' n\ 

n 

i^n-d^vf *d Vl --- d Vn g + d^---d^f* 5 di/i ... d „ nV g) (9) 

The essence of this modified rule is that the gauge parameter rj always re- 
mains outside the star operation and hence is unaffected by it. This fact 
becomes important when we discuss the twisted gauge symmetry (IB1I91) . 

It is obvious from ([3]) and the definition of the gauge transformations 
(JBJ) that, in general, both A^ as well as F^ u are enveloping algebra valued for 
deformed gauge symmetry For the case of twisted gauge symmetry ( 1H1I91) . 
however, one has to consider the equation of motion derived later (see (1231 ). 
interpreted as equations for the gauge field A^, to conclude that here also 
A^ is enveloping algebra valued. The field tensor F^ u , by its very definition 
(J3J), is of course enveloping algebra valued. Thus, in both treatments of 
gauge symmetry, A^ and F^ v are enveloping algebra valued [2J. This implies 
that the gauge potential A^ has to be expanded over a basis of the vector 
space spanned by the homogeneous polynomials in the generators of the Lie 
algebra, 

A»{x) = A^x):T a :+A^ aia2 (x):T a ^: 

+...A^ an (x):T^T a \..T a ":+... (10) 

where the double dots indicate totally symmetrised products, 

. rpa\rpa2 . _ }i^p a l 2~" l2 l. — ^J 1 ®! 'J 1 ^ _|_ rpa2rpa\^ (H) 

. rpai rpa n . _ J_ \ rpO,ir(l) r T' a n(n) 

III ^ 

TT^Sn 
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These symmetrised products may be simplified by using the basic Lie alge- 
braic relation, 

[T a ,T b ] = if abc T c (12) 

where f abc are the structure constants. 

To be specific let us take the case of £77(2) in the two dimensional 
representation. In this representation the generators are the 2x2 Pauli 
matrices (T a = satisfying flTJJ with f abc = e abc and, 

{y,y} = ^ afc (a = 1,2, 3). (13) 

We may thus write as follows: 

A li = B li + A*a a (a =1,2,3). (14) 

It is also possible to interpret this situation as giving rise to the standard 
representation of 77(2) with its four generators (I, a a ) 

A fl = A a ^T a {T a = I,a a ) (15) 

Similarly in the three dimensional representation of £77(2), the generators 
are defined in the adjoint representation (T a ) bc = —ie abc . Now the process of 
symmetrisation (jlip yields nine 3x3 linearly independent Hermitian matrices 
(these are the three T a 's and the six {T a , T b }) and hence we obtain the 
standard representation of 77(3). This implies that the enveloping algebra 
valued A^ given in ([TO]) is equivalently simplified to a Lie algebraic 77(3) 
representation with A^ = A^T®, where T a 's are the nine generators of 77(3). 

In general one can verify that the generators given by (jTTj) . apart from 
forming a Lie algebra (|T2l . also close under anticommutation[8l [9], 

{T a , T b } = d abc T c . (16) 

The simpler nontrivial algebra that matches these conditions is 77(77) in the 
representation given by iV x iV hermitian matrices. 

Following [TU] it is feasible to choose T 1 = -j==I( Nx]srj and the remaining 
iV 2 — 1 of the T's as in £77(77). Then the trace condition also follows as, 

Tr (T a T b ) = -5 ab (17) 
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and f abc , d abc are completely antisymmetric and completely symmetric re- 
spectively. 

In the rest of this paper we will work with these simplifications. The 
gauge potential and the field strength will be explicitly written as, 

= A«T a (18) 
F,u = F* u T a (19) 

where the T a, s are the N 2 hermitian generators of U(N) that satisfy the 
condition (fT2|), (fT6l) and (fT7|). 

In order to derive the field equations we need the following well known 
properties of the star product within an integral 

J dx A(x) * B(x) = J dx A(x)B(x) = J dx B(x) * A(x) (20) 

and a special case of which is given by, 

J (A*B*C) = J (B*C*A) = J (C*A*B) (21) 

First, we vary the gauge field A to see the variation of the action ([1]). We 
follow the convention of keeping the field to be varied at the extreme left. 
Then we get, 

where, in the first integral, (120]) has been used. Further simplifications are 
done by using the cyclicity property (12 ip in the second integral of the above 
expression. We obtain, 



5S 



SA a (y) 



[ d 4 x [-Tr —^—(d,A u - d u A, - %[A^ A v ]») * Fn 



x 



+ 8AM {9A »*^^ i)] 

The extra negative sign in the second integral is due to the flip of two grass- 
manian variables. Finally using the fact that F^ v is antisymmetric in its 
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indices, we obtain 
8S 



SA a (y) 



j d A x [-2Tr j±—{d»A v - * A v ) * F^(x) 



sMv) 

J d 4 x [2Tr * (d,F^(x) - iA^ * + iF^ * A M ) 



The invariance of the action together with ffTTj) now leads to the equation of 
motion for the gauge field, 

d^ + ig^F^+j^O (23) 

where j u is the fermionic current 

f U'-ji'"),,*'.-, (24) 

The variation of the matter field $ in the action (CQ) yields 

S S f s 

d x (tp * ij^d^ip — gip * 7 M A M * ip — imp * ip) 



5ifj(y) J 5ip(y) 



which gives the equation of motion 

i^d^i) - gYAf, * if; - mip = 0. (26) 
Similarly for the other matter field we get the equation of motion 

id^ 11 + gip* 7 M A M + rmp = 0. (27) 
Operating d u on eq. ff23|) we get a current conservation law[6] 

d v r = 0; r = ig[A^F^+f (28) 
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This can be explicitly verified from the definition of J v as follows: 

d v J v = ig[d v A^F^+ig[A^d u F^ + d u] u 

= - l -ig[d^A u - d u A fM , F^l + tg[A„ ig[A v , F v % + j% + d u f 

1 (ia) 2 
= --i g [F^F»% + ^-[[A^A^Fn* - (igfiA,, [A V ,F^ 

+ig[A fl ,fl + d v f. 

Since the first term of the right hand side vanishes trivially we write the 
above expression as 

(ia) 2 

d v r = ^{[[A^A u )*,F»%-[A,M»,Fn*}* + lAvdA»,F^)*) 

The term in the parentheses vanishes from the Jacobi identity and we obtain, 

d u r = ig[A^fl + d v f- (29) 

(Star) multiplying eq. (I26I) by —igty from right and eq. (1271) by — igip from 
left and then adding those two equations we find, 

d„r = ig[A lx ,f]* + d v f = (30) 

where the definition of has been used. It is also possible to obtain 
the current defined in eq. f[2"8"j) from ([T]) by using a Noether-like procedure [3]. 
If we make the following "global" transformation on the gauge and matter 
fields, 

5A tl (x) = igluix)^^))* (31) 
5ip(x) = —iguj(x) * if)(x) (32) 
5ip(x) = igip(x) * lo{x) (33) 

and set u(x) to a constant at the end of the calculation, the conserved current 
(|28|) follows from <^>. 

As has been stressed [5j the conservation law fl28|) is compatible with 
both types of gauge symmetry (with the Leibniz rule ([7])) and ([8]) (with 
the Leibniz rule Q). One finds for instance, d^SJ 11 ) = 5 M ((5^J M ) = 0. It is 
clear that the conservation law is unable to provide any distinction between 
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the two types of gauge transformations. This is not surprising since this 
conservation law is an on shell symmetry which is quite distinct from gauge 
symmetry which is an off-shell symmetry. So in the next two sections we 
study the gauge (both star gauge and twisted gauge) symmetry of the system 
where on shell considerations are discarded. The difference between the star 
gauge and twisted gauge symmetries thereby gets manifested. 



3 Analysis for Star gauge transformation 

As already stated, the presence of gauge symmetry is characterised by an 
identity which is called the gauge identity. In this section we first discuss 
a general formalism to connect this identity with the gauge generator that 
eventually leads to the gauge transformations. Next we use this method for 
the particular model ([1]) to find the gauge generators from which the star 
deformed gauge transformations are systematically obtained. 

Consider a general form of the action on noncommutative space as^|, 

S = JdtL = J d 4 x £(g a (x,i), 3 i9a (x,t), d t q a (x,t)) (34) 

where a denotes the number of fields. An arbitrary variation of this action 
can be written as 

5S = - J d 4 x 5<f(x, t) * L Q (x, t) (35) 

where the vanishing of the Euler derivative L yields the equations of motion. 
Now if we vary the field q a in the following way 

Sffrt) = J d 3 z^^*pg(*,,) (36) 



s=0 



with rj and p being the parameter and generator, respectively, of the trans- 
formation, the variation of the action can be written from fl35l) as 

5S = - j " d 4 x y d 3 z ?7 fe (z,t) *pf b ) (x,z) * L a (x,t) - 



'Here we adopt the notation x for the four vector = (x,i). 
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d*.x £(-!)• d"» £ 



8=1 



d /<9 s -y(z,t) 



<9t V ft 



s-1 



- J d 4 x J d 3 zrj b (z,t)*p'$ ) (x,z)*L a (x,t)- 



3=1 



= ~y dW(z,t)* ry d^pg^^)*^,^ - 

I d 4 z jftz.t) * (y d 3 x ^(p$(x,z) *L„(x,t))) - ■ • ■ (37) 
Eq. (1371) is written in the compact form 



5S = ~ J ^ z V a (*,t) * A a (z,t) 



(38) 



where^l 



A a (M) 



s=0 



(pf3(ar,«)*L a (x,t)) 



If the action is invariant (5S = 0), then it implies, 

A a (z,t) = 0. 



(39) 



(40) 



The last equality must be identically valid without use of any equation 
of motion. It is called the gauge identity Eq. fl36|) defines the gauge trans- 
formation of the fields with p being the generator. Furthermore, the gauge 
identity involves the generator and Euler derivatives in a specific fashion 
given by (139]) . 

There are now two ways to apply this general formulation to a specific 
gauge model. Starting from a knowledge of the gauge transformations 8q 
(obtained, for instance, by inspection) it should be possible to compute the 
generators p by using (I3B|) . Then the explicit structure for the gauge identity 
follows from fl39|) . Alternatively, one starts from the gauge identity (obtained, 



3 Equations (f38|) and (|39|) are the star deformed version of the commutative space results 
given, for instance, in [71 111). 
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as shown here later on), inverts the process, finally generating the gauge 
transformations. Here we adopt the second approach for the model ([T]) 

The first step to obtain the gauge identity is to derive the Euler deriva- 
tives. This is simply done by considering an arbitrary variation of the action 
expressed in terms of the variations of the basic fields, 

SS = - J d 4 x 8AI * L» a + 6ifji * L { + * L[ (41) 

where the Euler derivatives L a , Li and L\ are given by 

U» = - (V a * F^f - #,-( 7 M T<%- * ^ (42) 
U = -id^ (rh - gi>j * (.-fA^ji - (43) 
L't = -i(r)vd^j + g^^T^ * ^ + mil*. (44) 
Here the covariant derivative T> is defined in the adjoint representation, 

V^^ = d^ + ig[A^U (45) 
(2>„ * a = d,C - p abc {Al f}* + i^[Al C ]. (46) 

where we have used (1121) and (fT6]) . We now define a quantity A, involving 
the various Euler derivatives of the system as, 

A a = - (V» * L^f - igT^ * Li - igT^L\ * ^, (47) 

Exploiting the definitions of the covariant derivative (j4"6"j) and Euler deriva- 
tives (j42|43|44p the above expression, by an explicit calculation, is found out 
to be zero, i. e. it vanishes identically without using any equations of motion, 

A a = - (2>" * L,) a - igT^j * U - igT^L\ * ^ = 0. (48) 

The above relation is the cherished gauge identity for the model ([I]). It 
is important to note that the structure of A a in (T47j) is similar to the general 
form fl39|) in the sense that it involves the appropriate Euler derivatives. By 
a comparison of the two, the generators p are obtained. To this end let us 
now write (I3l?|) in a convenient way which is more suitable for our particular 
model, 

A a (z,t) = ^Jd*x^(ffi(x,z)*Lfat)) + 

J d 3 x^^(x,^)*L 4 (x,t) + ^(x^)*L' l (x,t)).(49) 
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The values of the generators p, <fi and (J)' are obtained by comparing eqs. (1471) 
and (j4"9|) . Since the calculations involve some subtlety due to the noncommu- 
tative nature of the coordinates, couple of intermediate steps are presented 
here. The contribution coming from the zeroth component of the gauge field 
Euler derivative L M can be written from fj48|) as 

A a | Lo = -(V°*L ) a 

= -if^{LlA 0c % + i^ c [Ll,A%-^L a . (50) 
We write the above equation in the following form 

A a | Lf) (z,t) = -|/ a6c J d 3 x (L b (x) * A 0c (x) + A 0c (x) * L b (x)) *5 3 (x-z) 
- l -d abc J d 3 x (L\{x) * A 0c (x) - A 0c (x) * L b (x)) * 5 3 (x - z) 

- J d 3 x^(x)4 3 (x-z) (51) 

where we have used the property (T2"0l . Furthermore, exploiting the cyclicity 
property of the star product (I2T1) . eq. (I5~TI) is further simplified so as to bring 
the Euler derivative at an extreme end, 

A a U (z,t) 

= - J d 3 x | (; a6c {5 3 (x - z), A 0c (x)}* + id abc [5 3 (x - z), A 0c (x)l) * L b (x) 

- J d 3 x 5 ab 5 3 (x - z) * ^L b (x). (52) 
The same contribution coming from ff4^1) can be written as 

A a k(z,t) = E/ d3x ^ W?^,^) *^(x,t)) (53) 
Only s = 0, 1 contribute so that the above equation simplifies to, 



a1l (m) = 




Comparing eqs. fl52|) and (154"|) we obtain, 

pjgffo*) = -|r 6c {5 3 (x-z),^(x)},-z|^ c [5 3 (x-z),^(x)],(55) 
p^(x,z) = -5 ab 5 3 (x-z). (56) 

12 



Other components of the gauge generator can be obtained in a similar way. 
Here we give the full expressions of these components which will be useful in 
finding the gauge transformations of the different fields. 



p^(x,z) = -^W(x-z)- 



|r bc {5 3 (x - z), A^x)}* - i 9 -d abc [5\* - z), A lc (x)l (57) 



J> a m {x,z) = -i^(x-z)*^(x) (58) 
4% 0) (x,z) = -z^,(x)*<5 3 (x-z) (59) 

Let us next consider the gauge transformations. From eq. fl36|) we 
write the gauge transformation equation for the zeroth component of the 
gauge field 

s 

= I d 3 z (V(z, t) * f${z, z) - * p^(x, *)) (60) 

Exploiting the identity[Sl E] 

A(x) * 8{x - z) = S(x -z)* A(z) (61) 
and interchanging a, b, the generator ( 1551) is recast as, 

= fr fec {5 3 (x-z),^(z)}, + z^ c [5 3 (x-z),^(^)],.(62) 



Use of the eqs. (JE2J and (EEJ) along with the identities (J2DJ and (|2T|) in (l60i) 
implies that 

where the operator X> had already been defined in (j4"6"|) . In a similar way, 
using the expression (l5"Tj) we can get the space component of the gauge trans- 
formation of the A^ field as, 

5A ia = d i r( 1 - lf abc {A ib , v % + i-d abc [A ib , r)% = (V 1 * V ) a (64) 



13 



Combining the two results (1631) and (1641) we get the following star covariant 
gauge transformation rule for the gauge field 

5A» a = (V * r]) a (65) 

The same process leads to the star gauge transformation relations of the 
matter fields as, 

S^ l (x) = -igr ] a (x)*T^ 3 (x) (66) 
6j> i {x)=igT$ j {x)*rf(x) (67) 

Thus the star gauge transformations of all the fields have been system- 
atically obtained. These (eqs. (I65|66ll67p ) are the results previously stated 
in Section 2 (eq. (161)) under which the action ([1]) is invariant. Also, the gen- 
erators p are mapped with the gauge identity A a ( eq. (HHj) ) by the relation 
(|39|) . If we set 9 = 0, then these just correspond to the usual commutative 
space results for Yang-Mills theory in the presence of matter [7J. This implies 
that, as occurs for the gauge transformations, the mapping is also a star 
deformation of the usual undeformed (commutative space) map. 

Let us now mention a technical point. In obtaining the gauge transfor- 
mations - say fl63|) from fl60l) - use is made of identities like (120]) . (|2ip which are 
strictly valid over the whole four dimensional space time. Since ( IBTIj) involves 
only the space integral, manipulations based on these identities imply only 
space-space noncommutativity. This is quite reminiscent of the Hamiltonian 
formulation of gauge symmetries [9] where 6° l = from the beginning. 

We conclude this section by providing a simple consistency check. We 
show that the variation of the action (pQ) is indeed expressed in the form 
(I38p where A a is given by (1471) . Starting from (1411) and using the explicit 
structures of the variations derived in (I65II66II67P we obtain, 

5S = - j d 4 x (X?" * V ) a * LI + (-igr, a * T^) * U + {igT^j * V a ) * L' t 

= -Jd 4 xrj a * ((-V * L,) a - igT^j * U - igT^ * ^) . (68) 

The expression star multiplied with the gauge parameter 7] a is precisely A a 
given by (1471) . conforming to the general form (|38l) . This completes the 
consistency check. 
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4 Analysis for Twisted gauge transformation 

For simplicity we take the pure gauge theory 

S=~\J d ^ Tr(F^(x) * F^(x j) (69) 

where the field strength tensor was defined in ([3]). Now the gauge field 
transforms in the undeformed way 

8 n A^ = d^ + ig[A^ri\ (70) 



Using the deformed coproduct rule (|9j) and the gauge transformation ( 1701) . the 
variation of the (star) product of gauge fields is also seen to be undeformed, 

5 V {A^ * A v ) = d^A u + A^r) - ig[ij, (A„ * A v )] (71) 

From the above result, gauge transformation of the field strength tensor is 
now computed 

S^Fftv = d^8 n A v - d v 8 v A v + igS v [A^, A v \* (72) 
= d,j,{d v r] + ig[A v ,r}}) - d u (d fM r) + iglA^rj]) 

+ig([d ti r ) , A v ] + [A M , d vV ] - ig[rj, [A^ A V ]A) (73) 
= -igfaF^] (74) 

Likewise one finds that the expression F^ u * F^ v transforms as, 

S V {F^ * F^) = -ig[ri, F» v * F, u ] (75) 

Both Fpv and F M „ * F^ u have the usual (undeformed) transformation proper- 
ties. Thus the action (169]) is invariant under the gauge transformation (1701) 
and the deformed coproduct rule ([9j. 

There is another way of interpreting the gauge invariance which makes 
contact with the gauge identity Making a gauge variation of the action ( 1001 ) 
and taking into account the twisted coproduct rule ([9j, we get 

S V S = -\f ^ TrS v (F^ * F^) (76) 
= -\J d 4 x [Tr(<^ * + F, u * 5 V F^ 
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* d ^ v + * Kit"") 

+ ■-)] (77) 

Now using the result (1751) each term of eq. (1771) can be computed separately. 
For example we concentrate on the first term. Using the identity (120]) and 
the trace condition (ITTj) we write the first term as 



M i s t term = "i / d ^ (V"* * F % + * W 



(78) 
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- J d 4 x 8 v F^ a F;„ (79) 

Making use of (1751) and dropping the surface terms the above expression is 
found out to be, 

M 1st term = ~ J d " x ^ (~^ F ^ ~ W^W , F^] - ig[A", FF^} 

+g 2 [A»*A\F^}) a (80) 

The second term of (1771) is identically zero due to the antisymmetric nature 
of Q^ v . We write that as, 

M 2 ndterm = ~\ / d " x V^O^-igid^, d Vl F, v }) a (81) 

= -J d 4 x V al -9^(-ig{d^A\d Ul F^} 

+g 2 {d IXl (A"*A"),d Vl F lxl/ }y (82) 

= -J d 4 x v^-d^i-igd^A^d^} - 

ig{d^, d Ul d»F^} + g 2 {d, 1 (A» * A v ), d ul F^}) a {83) 
The third term is written as 

<V%rd term = - / d ^ (<9^V) i(i) 2 ^^(-^5^^i^ 

+# 2 [^ * A", d^ 2 F^]) a . (84) 
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Using the antisymmetry of 9^ v and dropping the various surface terms, we 
write the above expression as, 

<^%rd term = " / d " x >f ^fe^e^{-igd^d^A\d^F^) 

+ g 2 [d^ 1 d» 2 (A»*A U ), d Ul d U2 F^ v ]) a . (85) 

Other terms can be obtained in a similar manner. Combining all these terms 
we finally get, 

S V S = - J d 4 x ^{-d^cTF^ - igd^A", F^ - ig[A», d u F^ 

+g 2 [A»*A\FM a (86) 
d 4 x rj a A a (87) 



where, 

A a = _(p» # L ^a = _(pp ^ V a # p^y (gg) 

that vanishes identically. Note that this is exactly the same as the expression 
in the gauge identity ( 1481) without the Fermionic fields. This proves the 
invariance of the action. 

Let us now repeat the analysis of the previous section with appropriate 
modifications. Since the gauge transformations are undeformed, the gauge 
generators are expected to have the same form as in the commutative space. 
To see this note that the gauge variation of the zeroth component of the A^ 
field, following from (1701 . can be written as, 

5 v A a (z) = d oV a (z) - gf abc A b (z) V c (z) 

= g J d 3 zr bc ^ 3 (x-z) + J d 3 zrt 3 (x-z)j^ 6 (89) 



Clearly the above result can be expressed in our standard form ( 1361) . 

MSG*) = E(- 1 )7 d3z ^^^ (x '" ) 

s 

= |d 3 z^(z,t)p^,,)-|d 3 z^^p^,,) (90) 
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where 

pf$(x,z)=gf ab °AZ6\x-z) (91) 
pfflix, z) = -5 ab 5 3 {x - z) (92) 

is the gauge generator. Similarly 

6„A$(z) = dtf^-gf^A^zXiz) (93) 

is written in the form 

M?(*) = E(- 1 )V d3z ^^ p W (x '" ) (94) 

s 

for the value 

pf>M(x, z) = -5 ab d iz 5 3 (x - z) + gf^A^ipt - z). (95) 

No star products appear in the gauge generators p and their structure is 
similar to the undeformed commutative space expressions. To identify the 
difference (both from the commutative space results and the star deformed 
results) it is essential to look at the gauge identity and its connection with 
the corresponding gauge generator. 

Now as already implied in (188|) . we have a gauge identity for this system, 
exactly similar to the previous case, 

A a = - (£>/* * L^) a = (96) 

where L M is the Euler derivative defined in (1881) . The Euler-Lagrange equation 
of motion is given by 

V° * F ail = (97) 

The gauge identity and the Euler derivatives are mapped by the rela- 
tion, 

A%z, t) = J2 I d 3 x ^ (ffi{x, z)Lfa tj) (98) 

s=0 

where the values of pf^ a (x, z) and p b ^ a (x,z) are equal to those of p b ^ and 
p b ^ of the previous example, given in ([55]) . (156]) and (j57|) . This happens since 
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the Euler derivatives and the gauge identity are identical to those discussed 
in the previous section. However, here p' is not the generator, rather it is p 
f l9T|92ll95p . Consequently p' has to be expressed in terms of p. To do this, 
we rewrite eq. fl55|) under the identification p = p' as 

p?° a (x,z) = -|/" te {5 a (x-z),i4S(x)}. -z^d abc [S 3 (x-z),A c (x)l (99) 

Now making use of the definition of star product (jSJ), the above expression 
is written in the following way 



oo 



p'^(x,z) = -9f abc A c 8 3 (K-z)-gJ2(l) n ~ } 

n=l 

£abc Jabc 

[(^ + )d in ■ ■ ■ <^ 3 (x - z)d Ul ■ ■ ■ d Un A 0c (x) (100) 

eabc Jabc 

(+ L T - i^)d m ■ ■ ■ d, n A 0c (x)d vl ■ ■ ■ d^ 3 (x - z)]. 

Note that the 9 independent term is nothing but the gauge generator p b ^ 
given in eq. (19T1) . Similarly calculating the other components p'^ and p'^ a 
from eqs. fl56|) and fl57|) we obtain, 



OC 



p[ ^(x,z) = p b ^{x,z) - g2_,^T- 



nl 

n=l 



fabc Jabc 

[( V~ + i -S-) fl U • ■ • ^5 3 (x - z)d Vl ■ ■ ■ d Vn A^{x) (101) 



2 2 

jabc cl a ^ c 

i 

2 2 



)d tll -.-d, n A^{x)d vx -.-d v J s ^-z)\ 



p'$ a (x,z) = p^(x,z). (102) 

We conclude that although the generator remains undeformed, the re- 
lation mapping the gauge identity with the generator is neither the commu- 
tative space result nor its star deformation as found in the other approach. 
Rather, it is twisted from the undeformed result. The additional twisted 
terms are explicitly given in (11011) . Also, the structure of the generator shows 
that all gauge groups, instead of just U(N) as happened for star gauge trans- 
formations, are allowed 
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5 Conclusions 



Gauge symmetries on canonically deformed coordinate spaces were consid- 
ered. Both possibilities (namely, deformed gauge transformations keeping 
the standard Leibniz rule intact or undeformed gauge transformations with 
a twisted Leibniz rule) were analysed within a common framework. Explicit 
structures of the gauge generators were obtained in either case. The connec- 
tion of these generators with the gauge identity, which must exist whenever 
there is a gauge symmetry, was also established. In the former case, this 
connection was a star deformation of the commutative space result. In the 
latter case, on the other hand, the commutative space result was appropri- 
ately twisted. It is quite remarkable that these fundamental properties of 
gauge symmetries (i. e. occurrence of gauge identity and its connection with 
the corresponding generator through the Euler derivatives) were found in 
the noncommutative theory, adopting either of the two interpretations. This 
suggests that deformed gauge theories have properties similar to what we 
desire for physics, at least as far as gauge symmetries are concerned. All 
results obtained here reduce to the usual commutative space expressions in 
the limit of vanishing 8. 
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